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Abstract 



We prove that the operator norm on weighted Lebesgue space L 2 (w) of the commu- 
tators of the Hilbert, Riesz and Beurling transforms with a BMO function b depends 
quadratically on the ^-characteristic of the weight, as opposed to the linear dependence 
• known to hold for the operators themselves. It is known that the operator norms of these 

commutators can be controlled by the norm of the commutator with appropriate Haar 
shift operators, and we prove the estimate for these commutators. For the shift operator 
corresponding to the Hilbert transform we use Bellman function methods, however there 
is now a general theorem for a class of Haar shift operators that can be used instead to 
deduce similar results. We invoke this general theorem to obtain the corresponding result 
for the Riesz transforms and the Beurling-Ahlfors operator. We can then extrapolate to 
k>" ' L p (w), and the results are sharp for 1 < p < oo. 51 

in 

^ ! 1 Introduction 

We say w is a weight if it is positive almost everywhere and locally integrable. The norm of 
/ G L p (w) is 

lp(w) ■■= (J^\f(x)\ p w(x)dx\ 

Helson and Szego first found necessary and sufficient conditions for the boundedness of the Hilbert 
■ transform 



Hf(x) =p.v.^ J 



f(y) 



dy 



x-y 

in weighted Lebesgue spaces in [11] . Hunt, Muckenhoupt, and Wheeden showed in [13] that a new 
necessary and sufficient condition for boundedness of the Hilbert transform in L p (w) is that the 
weight satisfies the A p condition, namely: 

[w] Ap := sup^j^-VCP-i))^ 1 < oo , (1.1) 

where we denote the average over the interval I hy (•)/ , and we take the supremum over all intervals 
in R . After one year, Coifman and Fefferman extended in [5] the result to a larger class of convolution 
singular integrals with standard kernels. Recently, many authors have been interested in finding the 
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sharp bounds for the operator norms in terms of the ^-characteristic [w]a p of the weight. That is, 
one looks for a function 4>(x), sharp in terms of its growth, such that 

\\Tf\\ L v {w) <Cct>{[w} Av )\\f\\ LP{w) . 

For T = M, the Hardy-Littlewood maximal function, S. Buckley [3] showed that (j>(x) = a? 1 /^ -1 ) 
is the sharp rate of growth for all 1 < p < oo . He also showed in [3] that <p(x) = x 2 works for 
the Hilbert transform in L 2 (w) . S. Petermichl and S. Pott improved the result to </>(x) = x 3//2 , 
for the Hilbert transform in L 2 (w) in |28j . More recently, S. Petermichl proved in |26] the linear 
dependence, <p(x) = x, for the Hilbert transform in L 2 {w) 

\\Hf\\ L 2 {w) <C[w] A2 \\f\\ L i H , 

by estimating the operator norm of the dyadic shift. Linear bounds in L 2 {w) were also obtained 
by O. Beznosova for the dyadic paraproduct [2j. Most recently there are new proofs for the linear 
estimates in L 2 (w) for some operators including the Hilbert transform and the dyadic paraproduct, 
|17| and [TJ. The conjecture is that all the Calderon-Zygmund singular integral operator obey linear 
bounds in weighted L 2 . So far this is known only for the Beurling-Ahlfors operator [9], [30J, the 
Hilbert transform |26| . Riesz transforms [27] . the martingale transform [32J, the square function [12J, 
|24j and well localized dyadic operators |15j . [17] . [TJ. It is now also known for Calderon-Zygmund 
convolutions operators that are smooth averages of well localized operators |31| . 

In this paper, we are interested in obtaining sharp weight inequalities for the commutators of 
the Hilbert, Riesz, and Beurling transforms with multiplication by a locally integrable function 
b € BMO . 

1.1 Commutators: main results 

Commutator operators are widely encountered and studied in many problems in PDEs, and Har- 
monic Analysis. One classical result of Coifman, Rochberg, and Weiss states in [6] that, for the 
Calderon-Zygmund singular integral operator with a smooth kernel, [b,T]f := bT{f) — T(bf) is a 
bounded operator on L^ n , 1 < p < oo , when b is a BMO function. Weighted estimates for the 
commutator have been studied in [T], [20], |21| . and |23j . Note that the commutator [b,T] is more 
singular than the associated singular integral operator T, in particular, it does not satisfy the cor- 
responding weak (1, 1) estimate. However one can find a weaker estimate in |21| . In 1997, C. Perez 
|21| obtained the following result concerning commutators of singular integrals, for 1 < p < oo , 

IIIWIUpw < c\\b\\ BMO [w] 2 A j\M 2 f\\ LP{w) , 

where M 2 = M o M denotes the Hardy-Littlewood maximal function iterated twice. With this 
result and Buckley's sharp estimate for the maximal function [3] one can immediately conclude that 

2 

\\[b,T]\\ L p {w) ^ LPiw) < Ciwf^iw]^ 1 \\b\\ B MO ■ 

In this paper we show that for T the Hilbert, Riesz, Beurling transform, for 1 < p < 2 one can drop 
[tojvloo term, in the above estimate, and this is sharp. However for p > 2, the L p (w)-norm of [b,T] 
is bounded above by ||6||sMO d i w ] 42 • For T = H the Hilbert transform we prove, using Bellman 
function techniques similar to those used in [2], [26], the following Theorem. 
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Theorem 1.1. There exists a constant C > 0, such that 



\\[b,H]f\\ LP{w) ^ LP(w) < C\\b\\ B Mo[w] Ap 



2 max{l, 




} 



and this is sharp for 1 < p < oo. 

Most of the work goes into showing the quadratic estimate for p = 2, sharp extrapolation [8j 
then provides the right rate of growth for p ^ 2. An example of C. Perez shows the rates are sharp. 
Our method involves the use of the dyadic paraproduct 7T& and its adjoint 7r£, both of which obey 
linear estimates in L 2 (w), see [2], like the Hilbert transform. It also uses Petermichl description of 
the Hilbert transform as an average of dyadic shift operators S, [25j and reduces the estimate to 
obtaining corresponding estimates for the commutator [b, S]. After we decompose this commutator 
in three parts: 



we estimate each commutator separately. This decomposition has been used before to analyze the 
commutator, [25], |15j . |16] , For precise definitions and detail derivations, see Section 1.2. The first 
two commutators immediately give the desired quadratic estimates in L 2 (w) from the known linear 
bounds of the operators commuted. For the third commutator we can prove a better than quadratic 
bound, in fact a linear bound. The following Theorem will be the crucial part of the proof. 

Theorem 1.2. There exists a constant C > 0, such that 



for all b 6 BMO d and w e A\. 

This theorem is an immediate consequence of results in |14j . |17| and [7], since the operator 
[Ah, S] belongs to the class of Haar shift operators for which they can prove linear bounds. We 
present a different proof of this result and others, using Bellman function techniques and bilinear 
Carleson embedding theorems, very much in the spirit of [25j and [2J. These arguments were found 
independently by the author, and we think they can be of interest. 

We then observe that for any Haar shift operator T as defined in [17] the commutator [Ah, T] 
is again a Haar shift operator, and therefore it obeys linear bounds in ^-characteristic of the 
weight as in Theorem 11.21 As a consequence, we obtain quadratic bounds for all commutators of 
Haar shift operators and BMO function b . In particular, this holds true for Haar shift operators 
in M. n whose averages recover the Riesz transforms |27] and for martingale transforms in IR 2 whose 
averages recover the Beurling-Ahlfors operator |30| . [9]. Extrapolation will provide L p {w) bounds 
which turn out to be sharp for the Riesz transforms and Beurling-Ahlfors operators as well. The 
following Theorem holds 

Theorem 1.3. Let T T be the first class of Haar shift operators of index r . Its convex hull include 
the Hilbert transform, Riesz transforms, the Beurling-Ahlfors operator and so on. Then, there exists 
a constant C(r,n,p) which only depend on r , n and p such that 



[b,S]f = [n b ,S]f+[7r* b ,S]f+[X b ,S]f 



II [A, 



■b, S]\\li(w)->L2(w) < C[w] A d\\b\\ BMO d , 



(1.2) 



\\[b,T T }\\ < C(T,n,p)[w] Ao 



2 max{l, 



} 



\\b\\BMO 



See Section 10 for definitions and precise statements of these results. 
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1.2 The Hilbert transform case 



The bilinear operator 

fH(g) + H(f)g 

maps L 2 x L 2 into H , here is the Hilbert transform and H 1 is the real Hardy space defined by 

H l (R) := {/ G L 1 (M) : G ^(M)} 

with norm 

II/IIhi = ll/IUi + ll^/lb- 

Because the dual of H 1 is BMO, we will pair with a BMO function 5. Using that H* = —H, we 
obtain that 

( fH(g) + H(f)g, b) = (f, H(g)b - H(gb) > . 

Hence the operator g i— > H(g)b — H(gb) should be L 2 bounded. This expression H(g)b — H(gb) is 
called the commutator of H with the BM O function b . More generally, we define as follows. 

Definition 1.4. The commutator of the Hilbert transform H with a function b is defined as 

[b,H](f) = bH(f)-H(bf). 

Our main concern in this paper is to prove that the commutator [b, H], as an operator from 
Lj|(u>) into L^w) is bounded by the square of the ^-characteristic, [w]a 2 > of the weight times the 
BMO norm, of 6, ||6||bmo > where 

H&Hba/O :=sup-!- / \b(x) - (b)i\dx . 



I 



I 



The supremum is taken over all intervals in M . Note that when we restrict the supremum to dyadic 
intervals this will define BMO d and we denote this dyadic BMO norm by || • Hbaw* • We now state 
our main results. 

Theorem 1.5. There exists C such that for all w £ A2 , 

\\[b,H]\\ L 2 (w) ^ L 2 (w) < C[w] 2 M \\b\\ B MO , 

for all b 6 BMO . 

Once we have boundedness and sharpness for the crucial case p = 2, we can carry out the power 
of the A,-characteristic, for any 1 < p < 00 , using the sharp extrapolation theorem to obtain 
Theorem 11.11 Furthermore, an example of C. Perez [22j shows this quadratic power is sharp. In 
|25| . S. Petermichl showed that the norm of the commutator of the Hilbert transform is bounded by 
the supremum of the norms of the commutator of certain shift operators. This result follows after 
writing the kernel of the Hilbert transform as a well chosen averages of certain dyadic shift operators 
discovered by Petermichl. More precisely, S. Petermichl showed there is a non zero constant C such 
that 

\\[b,H}\\ <Csu P ||[6,S a '1||, (1.3) 

a,r 

where the dyadic shift operator S a,r is defined by 



iet>° 
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Where hi denotes the Haar function associated to the interval /, I± denote the left and right 
halves of /, and T> a ' r is a shifted and dilated system of dyadic intervals. Denote by S the shift op- 
erator corresponding to the standard dyadic intervals T> . See the next section for a precise definition. 

Let us consider a compactly supported b £ BMO d and / € L 2 . Expanding b and / in the Haar 
system associated to the dyadic intervals D , 

b(x) = J2(b,hi)h I (x), f(x)=Y,(f,hj)hj(x); 
lev Jev 

formally, we get the multiplication of b and / to be broken into three terms, 

bf = rt(f) + 7r b (f) + \ b (f), (1.4) 
where Ti b is the dyadic paraproduct, 7rJ is its adjoint and A&(-) = ft(-)b , defined as follows 

<(/)(*) := J>,M(/,M^(z), 
lev 

n(f)(x) := J>,M(/>/Mz), 
lev 

lev 

Thus, we have 

[b,S] = [7r 6 *,5] + [7r 65 5] + [A 6 ,5], (1.5) 

where 

s(f) = j2(f> h i)( h i-- h i+) 

lev 

and we can estimate each term separately. Notice that both and ir^ are bounded operators in 
LP for b 6 BMO , despite the fact that multipication by b is not a bounded operator in L 2 unless 
b is bounded (-L 00 ) . Therefore, A;, can not be a bounded operator in LP . However [A;,, S] will be 
bounded on L p (w) and will be better behaved than [b, S] . Decomposition (jl.5p was used to analyze 
the commutator with the shift operator first by Petermichl in [25], but also Lacey in |15| and authors 
in [16] to analyze the iterated commutators. Since all estimates are independent on the dyadic grid, 
through out this paper we only deal with the dyadic shift operator S associated to the standard 
dyadic grid D . For a single shift operator the hypothesis required on b and w are that they belong 
to dyadic BMO d and A d with respect to the underlying dyadic grid defining the operator. However 
since ultimately we want to average over all grids, we will need b and w belonging to BMO d and 
A% for all shifted and scaled dyadic grids, that we will have if b € BMO and w G A2 , non-dyadic 
BMO and A2 ■ Beznosova has proved linear bounds for tt^, and tt^ , [2], together with Petermichl's 
|26| linear bounds for 5, this immediately provides the quadratic bounds for [nb, S] and [7r^,5]. 
Theorem 11.51 will be proved once we show the quadratic estimate holds for [A;,, S]. We can actually 
obtain a better linear estimate as in Theorem 11.21 Some terms in (11 .51) do also obey linear bounds. 

Theorem 1.6. There exists C such that 

lkb<S1lL 2 («>) + \\STTb\\L^{w) < C[w] A d\\b\\ BMO d . 

for all b G BMO d . 
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Note the three operators [A&,<S] , ir^S and SiTb are generalized Haar shift operators for which 
there are now two different proofs of linear bounds on L 2 {w) with respect to [w\ A d , |17] and [7], 
and in this paper we present a third proof. We are now ready to explain the organization of this 
paper. In Section 2 we will introduce notation and discuss some useful results about weighted Haar 
systems. In Section 3 we will start our discussion on how to find the linear bound for the term 
[Afe,5] , most of which will be very similar to calculations performed in |26j . In Section 4 we will 
introduce a number of Lemmas and Theorems that will be used. In Section 5 we will finish the 
linear estimate for the term [A&, S] , and prove Theorem 11.51 In Section 6 we prove the linear bound 
for tt^S . In Section 7 we reduce the proof of the linear bound for S^b to verifying three embedding 
conditions, two are proved in this section, the third is proved in Section 8 using a Bellman function 
argument. In Section 9 we present the L p {w) estimate of the commutator with a Haar shift operator, 
Theorem 11.31 Finally, in Section 10 we provide the sharpness for the commutators of Hilbert, Riesz 
transforms and Beurling-Ahlfors operators. 



2 Preliminaries and Notation 

Let us now introduce the notation which will be used frequently through this paper. Even though the 
A p conditions have already been introduced in (11. ip . we will state the special case of this condition 
when p = 2 , namely A^ since we will refer repeatedly to this. We say w belongs to A^ class, if 

[w] A d := su.p(w)j(w^ 1 )j < cc. (2.1) 
2 lev 

Here we take the supremum over all dyadic interval in M . Note that if w £ A2 then w £ A% and 
[w] A d < [w]a 2 ■ Intervals of the form \k2~ 3 , (k + 1)2~ 3 ) for integers j,k are called dyadic intervals. 
Again, let us denote T> the collection of all dyadic intervals, and let us denote T>(J) the collection 
of all dyadic subintervals of J . For any interval I ET>, there is a Haar function defined by 

hl ^ = j7jT/2 (Xi+(x) - Xi-(x)) , 

where xi denotes the characteristic function of the interval /, Xl( x ) = 1 if £B £ I , Xl( x ) = 
otherwise. It is a well known fact that the Haar system {hi}j^x> is an orthonormal system in . 
We also consider the different grids of dyadic intervals parametrized by a, r, defined by 

V a ' r = {a + rI:lEV}, 

for a £ R and positive r . For each grid T> a,r of dyadic intervals, there are corresponding Haar func- 
tions h"' r , I £ T> a,r that are an orthonormal system in . Let us introduce a proper orthonormal 
system for L\{w) defined by 



hf ' 



w{iy/ 2 



w 



(J_)V2 «;(/+) Va 



<Xl+ , T m In XI- 



_ w (I + )l/2^+ u,(i_)l/2' 

where w(I) = JjW . We define the weighted inner product by (/, g) w = J K fgw . Then, every function 
/ £ L 2 (w) can be written as 

lev 

where the sum converges a.e. in L 2 (w) . Moreover, 

k(«) = £KMj%.| 2 - (2-2) 
lev 
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Again T> can be replaced by T> a,r and the corresponding weighted Haar functions are an orthonormal 
system in L 2 (w) . For convenience we will observe basic properties of the disbalanced Haar system. 
First observe that (hx, hf) w could be non-zero only if / D K, moreover, for any I D K, 



\(h K ,hf) w \ < (w)f 
Here is the the calculation that provides (|2.3p . 

1 



(2.3) 



\(h K ,h 



I /w\ 



< 



1 



Xi+{x) - — , 1/9 XJ-(g) 



\K\ i i 2 w(iy/ 2 



K 



Xi+{x)+ )t' I9 XI-{x) 



w 



w 



(/_)l/2' 



wil-) 1 / 2 ' 
w(x)dx . 



w{x)dx 



If K C I+, then A < ^(J-) 1 / 2 ^)- 1 /^]^. Thus 



1(^,^1 < 



1/2 \w(K)w{I-) 1/2 



w(J+)u;(I) 

Similarly, if K C J_ . If K = I, then ,4 < 2 -u;(K_) 1 / 2 u;(if + ) 1 / 2 . Thus 



_ftT • 



l/i, lidv I l/L z,u>\ I/ / \l/2 2y«)(Z>(Z^j 1/2 

= < Hi — — < Hk ■ 

Estimate (|2.3p implies that \(hj,h w ~ 1 } w -i(hj,h 1 j} w \ < y/2[w]j^ , where J is the parent of J, 



w 



1/2 



J V|J|ij 



w 



1/2 



<V2[ 



IV 



1/2 



Also, one can deduce similarly the following estimate 

\(hj,hy~ X ) w -i(hj_,h%) w \ < V2[u>]^ 2 . 



(2.4) 



(2.5) 



For I J, hf is constant on J. We will denote this constant by hJ{J) . Then hj(J) is the constant 
value of /ij on J and |/tj(J)| < u;(J) -1 / 2 , as can be seen by the following estimate, 



\h w m 



w (j^ 2 /w(jy/ 2 w( j+y/ 2 < w(j)- 1 / 2 if j = j+ 
w {j + yi 2 /w{jyi 2 w{Lyi 2 < w {j)- 1 ' 2 if j = l. 



(2.6) 



Let us define the weighted averages, (g)j, w := w(J) 1 Jj g(x)w(x)dx . As with the standard 
Haar system, we can write the weighted averages 



(g)j, w = £ (g,hf) w hf(J) 

Iev-.IDJ 



(2.7) 
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In fact, here is the derivation of (12.71). 



(9)j, w = z4n [ Y,^hl) w hJ{x)w{x)dx = -y- f J2(9^f) w hf(J)w(x)dx 



w(J) 



lev v ' " J lev 



l — ( w(x)dx £ (g,hf) w hY(J)= Yl (9,hf) w hY(J). 

) J J 7" /-TV T Tr-Ti-T—^ J 



w(J) „ , 

v j j iev-.iDj Iev-.IDJ 

Also, we will be using system of functions {Hf}j^jy defined by 



Hf = h iy /\T\- Af Xl where Af = } w)l ~ . (2i 

2{w)i 



Then, {w l l 2 Hf} is orthogonal in 1? with norms satisfying the inequality ||u; 1 / 2 ii"j'||£2 < \J\T\ ( w )l > 
refer to [2]. Moreover, by Bessel's inequality we have, for all g G I? , 

^urW* 9 '"' 1 ' 2 ^ 2 - 11911 ' 1 ' (2 ' 9) 

3 Linear bound for [A&, 5] part I 

In general, when we analyse commutator operators, a subtle cancelation delivers the result one wants 
to find. In the analysis of the commutator [b, S], the part [X b , S] will allow for certain cancelation. 
First, let us rewrite [X b , S] . 

[X b ,S](f) = X b (Sf)-S(X b f) 

= Y / {b) I (Sf,h I )h I -^2(X b f,h J )(hj_-h J+ ) 
lev Jev 

= E E< b W'M(fcj- - h J + Mhi - E Z)<6>i(/ 5 M(^.M(^- - ^+) 

/go Jex> JeD iex> 

= ^^.aMk - x>>j + </,aj>* j+ - E (fM(hj_-h J+ ) 

Jev Jev Jev 

= E <i>J -I (t>Jt (/.M^ - E <6>j +I Wj - (/a,)^ 

jgd Jex> 

= -^A J 6(/,/ lJ )(/ lJ+ +/ lJ _), 
Jev 

recall the notation Aj b = ((b) j + — (b)j_)/2 . To find the L 2 (w) operator norm of [X b , S], it is enough 
to deal with the operator 

S b (f) = ^Ajb(f, hi)hi_ . 
lev 

We shall state the weighted operator norm of S b as a Theorem and give a detailed proof. Theorem 
11.21 is a direct consequence of the following Theorem. We will prove the following Theorem by the 
technique used in |26| . 



Theorem 3.1. There exists a constant C > 0, such that 

\\S b \\ L 2( w )^ L 2( w ) < C[w] A d\\b\\ BMO d (3.1) 
for all b G BMO d and w G A$ for all f G L 2 (w). 
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One can easily check that choosing b = |I| 1//2 /i/, yields ||5'||^2 ( - u ,)_ i , i 2 («;) — C[ u '] J 4 d • Inequality 
3.ip is equivalent to the following inequality for any positive function /, g 



\(Sb,w-^f,g)w\ < C[w] A d\\b\\ BMO d\\f\\ L 2( w -i)\\g\\ L 2( w ) , 



(3.2) 



where Sb w -i(f) = Sb(w 1 /) . Expanding / and g in the disbalanced Haar systems respectively for 
L 2 (w~ l ) and L 2 (w) yields for (l3~l) . 



\{S b!W -if,g)i 



J lev Jev 

lev Jev J 
E E </' h l~\-* (9, h^US^hf- 1 , Kj) 



lev Jev 



(3.3) 



In (USD, 



Y,^Lb{h Ll w- 1 hr 1 )h L -,hj) =^2A L b(h L ,hf~ 1 ) w - 1 (h L -,h 



J/w 



Lev 



Lev 



Since (hL,hf ) w -i ^ 0, only when L C I and (h L - ,h'j) w ^ only when L_ C J, then we have 
non-zero terms if / C J or J C I in the sum of (|3,3p . Thus we can split the sum into four parts. 
T^l=j > S/=j > Sjc/ > an d S/c j • us now introduce the truncated shift operator 

S{(f):= Y, &Lb(f,h L )h L _ , 
Lev(i) 

and its composition with multiplication by w^ 1 , 

S{ >v ,-i(f) ■•= E ±Lb(w- x f,h L )h L _. 
Lev(i) 

We will see that the weighted norm ||S^ w -iXi\\l 2 (w)i plays a main role in our estimate for (S b w -ihf 1 , Kj) 

4 Theorems and Lemmas 



To prove inequality (I3.2p we need several theorems and lemmas. One can find the proof in the 
indicated references. First we recall some embedding theorems. Another main result in [26j is a 
two- weighted bilinear embedding theorem, which was proved by a Bellman function argument. 

Theorem 4.1 (Petermichl's Bilinear Embedding Theorem). Let w andv be weights so that {w)i{v)j < 
Q for all intervals I and let {«/} be a non-negative sequence so that the three estimates below hold 
for all J 

Y ^Y<Qv(J) (4-1) 

imj) {w)l 



a j 



£ w,- Qw{J) 

iev(j) N 1 



(4.2) 
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Y »i<Q\J\- (4.3) 
Then there is c such that for all f G L 2 {w) and g G L 2 (v) 

Y a i(f)i,w(g)i,v < cQII/II^^II^H^^) . 

Corollary 4.2 (Bilinear Embedding Theorem). Let w and v be weights. Let {«/} be a sequence of 
nonnegative numbers such that for all dyadic intervals J G D the following three inequalities hold 
with some constant Q > , 

Y <Qv(J) (4.4) 

Y aj{w)j\I\ <Qw(J) (4.5) 

Y a I {w) I {v) I <Q\J\. (4.6) 

Then for any two nonnegative function f,g<EL 2 

Y ^iUv 1/2 )i{9w 1/2 )i 1 1\ < CQ\\f\\ L 2\\g\\ L 2 

holds with some constant C > . 

Both Bilinear Embedding Theorems are key tools in our estimate. One version of such a theorem 
appeared in |19j . The original version of the next lemma also appeared in [26 J. Using the fact that, 
for all IeV, |A/6| < 2||b|| 

BMO d ) one can prove the following lemma similarly to its original proof. 

Lemma 4.3. There is a constant c such that \\S i w _ 1 xi\\l 2 (w) — c \\b\\BMO d [ w ]A dW ~ 1 (I) 1 f or a ^ 
intervals I and weights w G . 

We will also need the Weighted Carleson Embedding Theorem from [19J, and some other in- 
equalities for weights. 

Theorem 4.4 (Weighted Carleson Embedding Theorem). Let {ctj} be a non-negative sequence 
such that for all dyadic intervals I 

Y <xj<Qw-\l). 
JeV(i) 

Then for all f G L 2 ^ 1 ) 

Jex> 

Theorem 4.5 (Wittwer's sharp version of Buckley's inequality). There exist a positive constant C 
such that for any weight w G A\ and dyadic interval L G T> , 

»2 



|J| Y Wl \I\<C[w] Ai ( W )j. 

1 1 l€T>(J) V 11 



10 



We refer to |32| for the proof. You can find extended versions of Theorem 14,41 and 14.51 to the 
doubling positive measure a in |24] . One can find the Bellman function proof of the following three 
Lemmas in |2j. 

Lemma 4.6. For all dyadic interval J and all weights w . 

1 1 ieV(J) x 11 

Lemma 4.7. Let w be a weight and {a/} be a Carleson sequence of nonnegative numbers. If there 
exist a constant Q > such that 



then 



yJeV, — aj<Q, 
' ' iev(j) 



iev(j) 

and therefore if w £ A% the for any J 6 T> we have 



TJT <4Q[w] A d(w)j . 

1 1 lev (j) 



Lemma 4.8. If w 6 t/ien i/iere exists a constant C > suc/i £/iai 

VJ e5 >, 1 £ ( W ^ Wf - )Vl (»>/(--)/< Ol-U 

5 Linear bound for [A&, 5] part II 



We will continue to estimate the sum (|3,3p in four parts. 
5-1 Ez=J 

For this case, it is sufficient to show that 

\{S b , w -ih w } \hj) w \ < c\\b\\ BMOd [w] A d. 
Since (hk, hf) w could be non-zero only if K C I, 

|(5 6iW -iVjr\/»3%| = 1(2 &Lb{w- l ht\h L )h L _,hy) I = I 2 & L b{hf\h L ) w ^{h L ^h w j) 

Lev w Lev 

has non-zero term only when L C J. Thus 

i^-x/ir 1 ,^! = | E a L 6(^ i ,/ lL ) M ,- 1 (/ iL _,^) u ,| 

LeV(J) 

= | £ A L 6(^" + | £ A L 6 > hL,) w -i (h L _ , hj) 

Lev(j) LeV(J 3 ) 

+ \Ajb(hf\hj) w -i(hj_,hJ) w \ 



ii 



in the second equality, J s denotes the sibling of J, so for all L C J s , (hL_,hj) w = 0. Then, by 

(Hal, 

\^bm\h 3 ) w -i{hj ,h w j) w \ < V2\\b\\ BMOd { w ] l l 2 d . (5.1) 



So for the remaining part: 

K^.,^" 1 ,^)^! = i^-'cj^x^.xx^,^)^! < c||6||^ /od M^ , (5.2) 

here the last inequality uses (|2 . 6[) and Lemma [4.31 
5-2 E/=j 

In this case, the argument is similar to the argument in Section 15.11 We have 

\{S Kw -,h w j-\h w j) w \ = | A L b(hT\hL) w -i(hL-,hyU 

Lev 

here we have zero summands, unless L C J. Thus, 



\{Sb^ w -ifi'j ,hj) w \ — {(Sjj^-^j ,hj) w 



^ K<^^r\^) w i + K<;-^r\^) w i + iA J 6(/ l r\/ lJ ) w - 1 (^_,^) U)l 

< c||6|| B mo<«H^ • 



In the last inequality, we use same arguments as in (|5.2p for the first two term, and (12. 5p for the 
last term. 



5.3 J2jci and E/cj 

To obtain our desired results, we need to understand the supports of Sb(w~ 1 hf ) and S b *(wh'j) . 
Since 

Sbiw-'hf' 1 ) = ^Lbiw^hf'^L^ = £ A L b(hf-\h L ) w -ih L _ , 
Lev Lev 

and {hf~ ,h L ) can be non-zero only when L Q I , Sb(w 1 hf ) is supported by / . Also, 

(S b {w- l h I >- 1 ),h w J ) w = {hr\S* b {wh w j)) w -, , (5.3) 
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yield that S b (whj) = ^2 L&T> Ai J b{wh 1 j ,hL_)hi is supported by j . Let us now consider the sum 
J CI . Then 



E <m: 

i,j-Jgi 



i ) w - 1 (9,hj) w (S bjW -ihf ,hj) 



LJ-.JCI 



E E u^r\-^h w j) w hr\j){s b ^ X j,h 



J/w 



lj)w 



E ^) J.to- 1 )w(S b)W -iXj, h 
Jev 

< \\9\\l*(w)[ ^(f)\ w -i( s b,w^Xj,h w j)w) 
^Jev 



1/2 



(5.4) 
(5.5) 
(5.6) 



here (|5.3p and the fact that S b (whj) is supported by J are used for equality (|5.4|) . and (|5.5p uses 
(pTTl) and ({O]) . If we show that 



E^L-^M- 1 ^'^)- ^ 4Hl M o4MUf\\h {w -i) 



(5.7) 



Jex> 



then we have 



E (/'^/ )w 1 (9,hj)w(S byW -ihf ,h 



J/w 



< C\\HBMoAMAi\\f\\ 2 L{ w -^)h\\tf{w) 



I,J:JCI 

To prove the inequality (|5.7p . we apply the Theorem 14.41 The embedding condition becomes 

E (V- 1 ^,^)^ < 4bf B MoM 2 Af>-\l) 
Jev-.jci 

after shifting the indices. Since (hL_,h w ) w = unless L C J, and we will sum over J such that 
J C I, we can write 



(S b , w -iXj,hj)w = E A i b ( w 1 Xj,h L )(h L _,hj) w = &Lb(w 1 Xj,h L )(h L _,h 

L ^ v Lev(j) 

= J] A L 6(^- 1 X/ ,/ li )(/ lL _,^) w = (^ u ,_ lX /,/ i 



J/to 



Lev(i) 



Thus, 



E (S^w-tXjihj)^ - ^2 {S^-iXlihj)^ < \\S[ jW -iXi\\l2(w) 
Jev-.jci Jev-.jci 



last inequality due to (|2.2p . By Lemma [4.31 the embedding condition holds. Hence we are done for 
the sum J C. I. The part X/jcj * s similar to X^jcj" • One uses ^at S b (w~ 1 hf ) is supported by / 
and Theorem W2 
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5.4 Proof of Theorem 11.51 



We refer to [2] for following theorem. 

Theorem 5.1. The norm of dyadic paraproduct on the weighted Lebesgue space L 2 (w) is bounded 
from above by a constant multiple of the product of the characteristic of the weight w and the 
BMO d norm of b. 

To break [b, S] into three parts, as in (II. 5ft . we assumed that b G BMO d is compactly supported. 
However, we need to replace such a b with a general BMO d function. In order to pass from a 
compactly supported b to general b G BMO d , we need the following lemma which is suggested in 

P33- 

Lemma 5.2. Suppose <p G BMO . Let I be the interval concentric with I having length \I\ = 3|/| . 
Then there is tp G BMO such that ib = cf> on I, ip = on R \ I and \\iP\\bmo < cll^llsAfO • 

Proof. Without loss of generality, we assume = 0. Write I = (JnLo ^ n wnere dist(J n ,dI) = 
\J n \, as in following figure. 



J3 Ji Jo J2 Ja 

1 1 \—h-\ 1 1 \—h-\ 1 1 

K x > . ' K 2 

I 

Then Jo is the middle third of / . For n > 0, let K n be the reflection of J n across the nearest 
endpoint of / and set 

p(x) if x G I 

'•(■'■) - { (4>)j n if x G K n 
otherwise . 



This construction of ib satisfies Lemma 15.21 

□ 

By Theorem 13. 1| Corollary 11.21 Theorem 15. 1| Lemma 15.21 and using the fact ||7T&|| = ||vr^||, we 
can prove Theorem 11.51 

Proof of Theorem 11.51 For any compactly supported b G BMO , 

II^-HIIIl^ujHL 2 ^) ^Csup ||[^5' a ' r ]|| L 2(, j; )^ i 2( w ) 

a,r 

<Csup ( ||[vr b ,5 a ' r ']|| L 2( M ,)^ L 2( u ,) + , S a ' r ]\\ L 2( w ^ L 2( w ) + ||[A 6 ,5 a ' r ']|| L 2( w )^ L 2( 

a,r 

< C(4||7r 6 || i 2( u ,)^ L 2 (u ,) sup ||5 ,a ' r '|| L 2 ( ,„)^ L 2 (u ,) + C[w] A2 \\b\\BMO ) 

<C[MA 2 \\b\\BMO ■ 

For fixed b, we consider the sequence of intervals = [—k, k] and the sequence of BMO functions 
bk which are constructed as in Lemma 15.21 Then, there is a constant c, which does not depend on 
k , such that ||6a;||_bmo ^ c||6||ba/o • Furthermore, there is a uniform constant C such that 

\\[h,H]\\ L 2 iw) _, L 2 {w) < C[w} 2 A2 \\b\\ BMO ■ (5.8) 

Therefore, for some subsequence of integers kj and / G L 2 (w) , [b^. ,H](f) converges to [b, H](f) 
almost everywhere. Letting j — >■ 00 and using Fatou's lemma, we deduce that (15. 8ft holds for all 
b G BMO . □ 
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6 Linear bound for ir%S 

It might be useful to know what is the adjoint operator of S. Let us define sgn(J) = ±1 if I = 1^ 
Then, for any function f,g 6 1? , 



(Sf,g) = J2J2 </> h i)b, h j)(hi- - h J+ , hj) 

lev Jev 

= J2 (/, (g, hi_)-J2(f,hi) (g, h J+ 



lev lev 

hi) (sgn(/_)( 5 , V) + sgn(/ + )< 5 , h I+ )) 

lev 

h f )sea(I){g,hi) 

lev 

[f,J2sMl)(9,hi)hf) = (f,S*g). 
lev 

Now, we see the adjoint operator of dyadic shift operator S is 

S*f(x) = Y,sMl)(f,hi)h i (x). 
lev 

The following lemma provides the bound we are looking for the term ir^ S . 

Lemma 6.1. Let w 6 A\ and b G BMO d . Then, there exists C so that 

II 7I "6'S'IIl2( u ,)^ L 2( u ,) < C[w] A d\\b\\ BMO d . 

Proof. In order to prove Lemma 16.11 it is enough to show that for any positive square integrable 
function /, g 

K^/u;- 1 / 2 ),^ 2 )^^^^!!^,!!/!!^^!!^. (6.1) 

Using the system of functions {Hf}j^-p defined in (|2.8p . we can rewrite the left hand side of (|6.ip 

«,S(/^ 1/2 ),5u» 1/2 > = (Sifw- 1 / 2 ),^^ 2 )) = ^(gw^j^h^iSifw- 1 / 2 ),^) 

lev 

= Y,(9W l/2 )l{b, hi) sgn(/)(/ W - 1 / 2 , hj) 
lev 

= £ sgnil^gwy^i^hMfw- 1 ' 2 ,^- 1 ) — 
lev \ \I 



+ J2^(I)(gw 1/2 )i(bM(f™- 1/ ^Af\ 1 )-j==. (6.2) 
lev J\I\ 

Our claim is that both sums in (|6.2p are bounded by [^]^d||fr||_BMO< i ll/llL 2 llfi'll-L 2 > l - e - 

Y, smilXgw^j^htiifw-V^Hf- 1 )^ < C[w\ A ^\b\\ BM0 4f\\ L 4g\\ L . (6.3) 
lev \/\I\ 



and 

Y sgn(7)(W /2 )j(&,M(/^ 1/2 ^r 1 ^)4= ^ CMjti\\HBMo4f\\v\\9\\v ■ (6-4) 



a 2 

lev 
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First let us verify the bound for (|6.3p . Using Cauchy-Schwarz inequality, 

E sgn(/)(W /2 )/^/i/)(/^ 1/2 ,^r 1 )4= 
lev sj\l\ 



1/2 



^II/IIl^E^ 172 )?^^) 2 ^- 1 )/) • (6-5) 
^ lev ' 

Thus, for (|6,3p . it is enough to show that 

Y,(9w 1/2 )j(b,h I ) 2 (w- 1 ) i < C[w} 2 Ad J\b\\l MOd \\ g \\h ■ (6-6) 
lev 

It is clear that 2 (to) f > , thus 

E^ 2 } 2 ^/} 2 ^ 1 )/ = E^^WVA^M™)? 1 

<2[w] Ai Y / (9^ 1/2 ) 2 l(b,hi) 2 Hl 1 ■ 



lev lev 



*2 

7GX> 



If we show for all J € 23 , 

i- E {^M'HF'Hf = ^r E <WV>i<Hi#llLfo*Mj> ( 6 -7) 

' ' reo(J) ' ' /ex>(J) 

then by Weighted Carleson Embedding Theorem 14,41 with w instead of w~ 1 , we will have (|6.6p . 
Since 6 € BMO d , {(6, /i/) 2 }/ e © 

is a Carleson sequence with constant H^ll^^gd that is 

i- E (Mi> 2 <IHI| M o*- 

1 1 lev (j) 

Applying Lemma [4.71 with ai = (b, hj) we have inequality (|6,7p . We now concentrate on the estimate 
(16, 41). we can estimate the left hand side of (16.411 as follows. 



/ex> 



E sgn(I)(g W y 2 ) I (bM)(fw- 1/2 ,Af\ i )^ 

= E sgn(I)( 5U ; 1 /2) J (6,/ t/ )(/ u ,-i/2 )|A | ) - 1 ^ 
lev 

< E <W /2 >/ I (6, Ml (fw- 1/2 ) } lAf 1 1 V^" 
lev 

< 2 E(W /2 )| 1(6, Ml </t»- 1/a >f 



2 E ( W /2 >/ (1(6, M ) I + I (b, h I+ ) |) (fw^j lAf 1 1 v/|I|" . 



16 



By Bilinear Embedding Theorem, inequality (|6.4p holds provided the following three inequalities 
hold, 

yj£V '\J\ E (l<&,^->l + |<6,^/ + >|)|^" 1 |v^T<^ 1 >/<^>/ < C'||&|| BA/od [n;- 1 ]^ , (6.8) 
1 1 lev (J) 

yj£V >\7\ E (K 6 > fc J-)l + I(^>/+)I)I^j" 1 |^T(^" 1 )/ < C\\b\\ BMO d [w-^diw-^j, (6.9) 

yjeV <\T\ E (i(6^i-)i+i(^v)i)i^r 1 i\^Wi<^iiMiBMo rf K 1 UfWj- (6.io) 

1 1 iev(j) 



For (|6.8p . by Cauchy-Schwarz inequality 

E (i^fc/->i+i(^^ + >i)i^r 1 i>/Pn<«'- 1 >z(«'>j 

1 1 /6X>(J) 



/ i \ 1/2 / i _ \ 1/2 

< (tti E (kmoi + kwoV^/M/ (ttt e (ArViiK™- 1 )/^)/ 

V|J| / G ©(j) 7 V|J| /e©(j) J 



E(k^oi + km/JI) 2 <3E<w 2 , ( 6 - n ) 

l)r E (I^MI + l(6,^ + >l) 2 («'" 1 >/H/<C[u;- 1 ]^^r E (^M^^-^IIC 
' ' ieV(J) ' ' ieV(J) 



and by Lemma 14. 8| 

1 1 lev (J) 

Thus embedding condition (16.8P holds. For (16. 9p . by Cauchy-Schwarz inequality and (16. lip we have 

j~n E (l<6.'»/->l + K6.^ + >l)l^r 1 |>/PT<«'- 1 >/ 

1 1 iev(j) 

V|J| /e©(j) 7 V|J| / G c(j) 7 

By Theorem 14. 5| 

E w" ') 2 w(»-^ = ra E ( < "'" 1> 2V- < r >J " ) 2|J|( °'" 1>J * °1»"1^("'">^ 

1 1 iev(j) 1 1 /ez>(j) v 

Similarly with (|6.7p . we have 

|1 E <6,^> 2 <«;- 1 >/<[«;- 1 UI|6||| Ar o-<«'" 1 >J- 

1 1 /6Z3(J) 

To finish, we must estimate (I6.10p . In a similar way with (|6.9p . we need to estimate 
1 \ 1/2 / 1 _i \ 1/2 

— E (^.M 2 Wi r^r E W)Vl<w>/J • 

' ' iev(j) ' ^' ' iev(j) ' 
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By Lemma [4.61 we have 

' 1 i<=v{j) ' ' iev(J) 

r -ii 1 ^ ^-y-^-y y lrl 

= [- E { (^rys J l/l 

This completes the proof of Lemma 16.11 □ 

Due to the almost self adjoint property of the Hilbert transform, a certain bound for tt^H 
immediately returns the same bound for Hix b . However we have to prove the boundedness of Sn b 
independently because S is not self adjoint. 

7 Linear bound for Stt^ 

Lemma 7.1. Let w € A% and b G BMO d . Then, there exists C so that 

\\S^ b \\ L 2 (w) ^ L 2^ w) < C[w] A d\\b\\ BMO d . 
Proof. We are going to prove Lemma [7. II by showing 

^\a% II^IIbMO d ll/ll-L 2 («) _1 ) 1 1 9 1 1 L 2 (to) > 

(7.1) 

for any positive function f,g £ L 2 . Since (Sn b (f),hi) = sga(I)(n b (f),hj) = sgn(I)(f)j(b,hj) , We 
have 

S7r b (f) = J2^(I)(f)i(b,h t )h I . 
lev 

By expanding g in the disbalanced Haar system for L 2 (w) , 



(Sir b (w 1 f),g) w = ^2(w 1 f)j(b,h 1 )sgn(I)(h I ,g} w 
lev 



ievjev 

Since (hi, hj) w could be non zero only if J D I , we can split above sum into three parts, 

sgn(I)(w- 1 ) 1 (f) 1>w _, (b, h i )(g, hf) w (hi, hf) w , (7.2) 

lev 

sgn(I)(w- 1 ) } (f) f>w _ 1 (b, hj)(g, hj) w (hi, hj) w , (7.3) 

lev 

and 

£ Bgn(I)(«;- 1 ) / (/) /j1< ,_ x (6,/ l/ )( 5 ,^) t0 </ lJ ,^) w . (7.4) 
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We claim that all sums, (|7,2p . (|7.3p . and (|7.4p . can be bounded with a bound that depends on 
[w] j4 d||6||5^Qd at most linearly. Since \(hj,hf) w \ < (w)/ , we can estimate (17.21) 



^sgn(J)( U ;- 1 } / (/) J> _ 1 {6,/ if )( 5 ,^)« ) (^^/)', 



1/2 



<c|| ff || i2H H^f(E(/)/,^( 6 '^) 2 ^ _1 )/ 

2 ^iev 



1/2 



By Weighted Carleson Embedding Theorem 14.41 

£</>!,«-i<M/>v-^<c>u< 



is provided by 



1 1 /ex>(J) 



which we already have in (|6.7p . Thus, we have 

Y,^I)(^ 1 )i(f)j, lv - 1 (b,h 1 )(g,hY) w (h I ,hf) w < CH^IIfellBMO^I/II^H-^II^II^H. (7.5) 



Similarly to (|7.2p . we can estimate (|7.3p using < (w)]^ 2 < \Z2(^)i 

EsgttCi)^- 1 )!^)^-!^^)^^)™^,^ 
/go 

lev 

= 2V2j2(™- 1 )i(f)i,™-i \(b,hi)\ (9,hf) w (w) 1 / 2 
lev 

< 2V2( E(^ _1 )f <6» m 2 M/) 1/2 ( E & ^ v2 
^c-ii^ii^HHYlfE^-^M 2 ^- 1 }/ 

2 ^ lev 

< C[w] A d\\b\\ BMO d\\f\\L2( w -i)\\g\\ L 2 {w) . 

Since hj is constant on 2, for J ~3 I and we denote this constant by hj(I) . Then we know by (|27! 

E <^j>^/>j>™= E {g,hy) v ,vs{t){h I ,w) = (9)t,jhiM- 



■lev 

1/2 



1/2 



J-.J2I 



J-.JDI 
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Thus, we can rewrite (|7.4|) 



Y / ^m(i)(w- 1 ) 1 (f) } ^ 1 (b,h 1 )(g) i jh I , 



w) 



lev 



< ErtV^^i^J^"')! (7 - 6) 

= Y,(ur 1 )i\(b,h I )\(\(h I _,w)\ + \(h I+ ,w)\)(f) I ^(g) I , w . (7.7) 

We claim the sum f|T.T[) is bounded by [w] A d \\b\\BMO d ll/lli 2 ^- 1 ) IMIl 2 (w) • We are going to prove 
it using Petermichl's Bilinear Embedding Theorem 14.11 Thus, we need to show that the following 
three embedding conditions hold, 

yj£V >n\ £ \(b,h I )\( w - 1 ) I (\(h I _,w)\ + \( h i^ w )\)-A- <cMAi\HBMo*(™- l )j, (7.8) 

VJeP 'DT £ |<&,^/>| (^"^/(K^, + 1(^,^)1)-^— < C^l^gHfeH^o, , (7.9) 

VJeP 'DT £ K 6 'MI ^- 1 )/(|(/ i /_,u;)| + 1(^,^)1) <CH A ,||6|| BMOd . (7.10) 
' ' /ex>(J) 

After we split the sum in f|T. 8[) : 

|1 \(b,h I )\(w- 1 ) I \(h I „,w)\j^ + 4 E KM/)!^ 1 )/!^,™)!^, 

we start with Cauchy-Schwarz inequality to estimate the first sum of embedding condition (|7.8p . 



lG£>(J) 7 Vl 1 /GX>(J) 

V|J| /GO(J) 7 V|J| / G ©(J) 

^CH^IINIbmo^^^J- (7-11) 

Inequality (|7.1ip due to Lemma [4.61 and fj(5.T|) . Also, the other sum can be estimated by exactly the 
same method. Thus we have the embedding condition (17. 8ft . To see the embedding condition (I7.9p . 
it is enough to show 

— - Y \( b > h i) ( h I-: w )\ < C[w] A d\\b\\ BMOd (w)j , 
' ' iev(j) 
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as we did above. We use Cauchy-Schwarz inequality for embedding condition (|7.9p . then 

i E \(b,h I )(h I _,w)\ = A ] E \(b,hj)\Vm\^i-M 
' ' lev (j) ' ' iev(j) 

t 1/2 / , x 1 :-' 

< ' 



Vl 1 lev {J) x ' 7 Vl 1 /eD(J) 7 

1 /2 

<cii6|| BMO ,Hy 2 (^ e i J -ii^- w i 2 7^) ( 7 - 12 ) 

V I I JeX ,(j) \ w )i-J 
<C[w] Ad Jb\\ BMOd (w)j. (7.13) 

Here inequality (|7.12p uses Lemma |4.7| and inequality (|7.13p uses the fact that (w)j 1 < 2(w)j 1 
and Theorem 14.51 after shifting the indices. 

If we show the embedding condition (|7.10p , then we can immediately finish the estimate for (|7.7j) 
with bound C[itf]^d||6||£A/o d ll/llL 2 (w _1 )ll5ll£ 2 (w) • Combining this and (|7.5p will give us our desire 
result. □ 

8 Proof for embedding condition (17.101) 

The following lemma lies at the heart of the matter for the proof of the embedding condition (|7.10p . 
Lemma 8.1. There is a positive constant C so that for all dyadic interval J £P 

j V \TU,r . 1 : l^i'H-rHW "IT 



1 in/ \V4/ _ni/4/|A/ + w| + |A/_«;|\ 2 1/4 _ lx i/4 / e ^ 



iev(j) 

whenever w is a weight. Moreover, if w € i/ien for all J G D 

Proof of condition \7.1(J\) . By using Cauchy-Schwarz inequality and Lemma |8.1[ we have: 

-3- E <M/><^Vl<^-,™>l + K^ + ,™>l) 

1 1 /ex>(j) 

= T7l E - Mi— 1 + IM/++ - 

1 1 lev (J) 

< cH A d||fe|| BMO d . 

□ 
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We turn to the proof of Lemma 18.11 In the first place, we need to revisit some properties of 
function B(u,v) := \fwv on the domain £>o which is given by 

{(u,v) G : uv > 1/2} . 

It is known, we refer to [2], that B(u,v) satisfies the following differential inequality in Dq 



(du,dv)d 2 B(u,v)(du,dv) t > 



I n 1 / 4 



\du\ 2 . 



1.2) 



Furthermore, this implies the following convexity condition. For all (u,v), (u±,v±) G T>o , 
„. , B(u+, v+) + B(u_, V-) „ v 1 / 4 , , 9 

B(u, v) - y + ' +) 2 1 ; > Ci^(«+ - u-) 2 , (8.3) 

where u = (u+ + U-)/2 and v = (n+ + V-)/2 . Let us define 

A(u, v, Au) := aB(u, v) + B(u + An, v) + B(u — Au, v) , 

on the domain 2>i with some positive constant a > 0. Here (n,i>,Au) G 53i means all pairs 
(u, u), (u + An, u), (n — An, u) G £>o • Then A has the size property and the convexity property: 



and 



if (u,v,Au) G then < A(n, u, An) < (a + 2) ^uv , 

,V4 



1 V"> 

A(u,v,Au) - -[A(u+,v+, Am) + yl(n_,v_, An 2 )] > C 2 ^ (An? + An|) 



(8.4) 



(8.5) 



where n = (n + + U-)/2 ,v = (y+ + u_)/2, and An = (n+ — n + )/2 . The property (|8.5p is directly 
from the definition of function B(u,v) . At the end, An will play the role of Ajw, Au\ is Aj + w, 
and Au2 is A/_ w . We can rewrite left hand side of the inequality (|8,5p as follows 

A(u, v, Au) - ^[A(u + ,v + ,Au\) + A(u-, u_, An 2 )] 

= aB(u, v) + £?(n + An, n ) + S(n — An, v) — — [aB(u+, v+) + B(u+ + Au±,v+) + B(u + — Am, v+) 



+ aB(u-,vJ) + + Am, An_) + B(u_ - Am, «-)] 

aB(«, n) - |(5(n + ,n + ) + B(u-, V-)) + B(u+,v) + B(u-,v) - - B(u + An + Am, « + Aw) 
+ S(n + An - Am, n + Au) + B(« - An + An 2 , n - Au) + S(n - An - An 2 , v - Av) 



(8.6) 



Using Taylor's theorem: 



B(u + u ,v + v ) = B(u,v) + VB(u,v)(uo,v ) t + / (1 - s)(u , v )d 2 B(u + sn , n + sv )(u , vofds . 

■/ o 
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and the convexity condition of B(u,v), we are going to estimate the lower bounds of (|8.6p , 

- + Au + Alii, v + Av) 

= -^B(u, v) + VB(u, v)(Au + Am, A«)*) 

- [ (1 - s)(Au + Au 1 ,Av)d 2 B(u + s(Au + Aux),v + sAv)(Au + Aui,AvYds 
Jo 

> -'-(Bin, v) + VB(u, V )(Au + A.,, At,)*) + \f\l- ^^- (Ati + Am) 2 ^ 

> -1 (i?(m u) + VB(u, v)(Au + Am, Au)') + (A g ( *^ 4 l)2 j\ l "*)(« + «At;) 1/4 ^ (8.7) 

> -i (fl(„, „) + VB(«, «)(A« + A« x , A,)*) + (A % + (4 y V4 /(I -«)(! + - ^) 1/4 ds 

> - 2 ( B K w ) + V5 (^' w )( An + Am, A^J + 72 , 4 3 /4 u 7 /4 ( An + Au i) 2 • ( 8 - 8 ) 

Inequality fj8.Tf> is due to the following inequalities 

. K , lui — U-\ _ \U+ +U-\ , . . . \u+ + — Ui I _ 

|A«| = < = u and | Ami = 2 < u + < 2u . 

Since (1 - s) 1 / 4 < (1 - |^|s) 1/4 < (1 + /3s) 1 / 4 for any | 0\ < 1, it is clear that 

/ (1 - S )(l + /Js) 1 / 4 ^ > / (1 - sf A ds = ± , 
JO Jo y 



and this allows the inequality fj8 . 8|> . With the same arguments, we also estimate the following lower 
bounds: 



B(u + Au - Am, v + Av) + B(u - Au + Au 2 , v - Av) + B(u - Au - Au 2 , v - Av) 



> ~ g ( B ( u > v ) + u)(Au - Am, A«)*J + 72 , 4 3/4 M 7/ 4 ( A " " Ani ) 2 

~ 2 ( B ( u > y ) + v)(~Au + Au 2 , -Av) 1 ) + ——^ — (-Au + Au 2 ) 2 

1 / \ 1 t; 1 / 4 

- - [B(u, v) + VB(u, v)(-Au - Au 2 , -Avf) + — ^^(An + Au 2 ) 2 . (8.9) 

We can have the following inequality by combining f)8.8p . (|8.9p and (|8.6p . 

t4(u, u, Au) - -[ J A(u + ,u + , Am) + A(u-,v-, Au 2 )] 

> (a-2)B(u,v) - ~(B(u + ,v+) + B(u-,v-)) + B(u + ,v) + B(u-,v) 
1 v 1 / 4 

+ ^^uT^ Au2 + Au * + Au > ) 
1 v 1 ^ 

^-—-(Aul + Aul). (8.10) 
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> 



To see the inequality (|8.10p . using convexity condition of B{u, v) = \fuv and inequality: (1 — s)u < 
u — sAu < u + sAu , 

(a-2)B(u,v) - ^(b(u+,v+) + B(u+, «) + B(u_, w) 

= a^B(u, t>) - ^(B(u+,v+) + B(u_,vJ 

—An 2 / 1 (l-s)v 1/4 (u + sAu)- 7 / 4 ds + — An 2 f(l-^ 1/4 (M-sAn)~ 7 / 4 ^ 
,16 Jq 16 J J 

7,1/4 fi „l/4 /-l 

Choosing a constant a sufficiently large so that aC\ > 3/2, quantity in (|8. remains positive. 
This observation and discarding nonnegative terms yield inequality (18.101) . Choosing the constant 
C2 = 1/(36 • 4 3 / 4 ) in (|8.5p completes the proof of the concavity property of A(u,v, Au) . We now 
turn to the proof of Lemma 18.11 

Proof of Lemma \8. 1\ Let uj := (to)/, vj := (w" 1 )/, ti± = uj ± , v± = «j ± , Aui = A/w, Atti = 
Attj + , and Au2 = Auj_ . Then by Holder's inequality (u,v,Au), (u+,v+,Aui), and («_,«_, AU2) 
belong to Di . Fix J £ D , by properties (10) and ([83]) 



(a + 2)|J|^ / Hj(u;- 1 )j > |J|^(uj,i;j,A«j) 

> V|J + |A(«+,i; + , Am) + |J_|^(«_,t;_, Au 2 )) + | J|C^^(|A J+ u| 2 + |Aj_u| 

Since ^4(u, t>, An) > 0, iterating the above process will yield 



\J\V(w)j(w-^}j>C £ l/K^^WJ^GA/^p + IA/.H 2 )- (8-12) 
iev(j) 



Also, one can easily have 



\j\y(w)j( W -i)j>c m^-rr^)- 7 ^ a i+w \ ( 8 .i3) 

ieD(j) 

and 

IJIa/Hj^-^j^C J] IJKu;- 1 )^ 4 ^); 7 /^/.^ 2 . (8.14) 
iev(j) 
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Then, 

±- M<tOKV>7 7/4 (|A7 + «;| + |A,_u;|) s 
' ' iev(j) 



H E m<«- 1 >} /4 <«i>7 7 / 4 (|A J+ ti,| 2 



iev(j) 



+ |A 7 _^| 2 ) + 2 Y, I^K«'" 1 )i /4 («')7 7/4 (|A/ + «;||A/_ii;|)) 



lev(j) 



1 1 \/e£>(j) 



+ 2 ( £ lll^-^f M7 7/4 A /+U ; 2 ) 1/2 ( ^ |/|(«,- l >} /4 W;- 7 ^^ 2 ) 172 ) 



9 Recently developed tools and their applications 



□ 



The dyadic shift operator was first introduced in |20] to replace the weighted norm estimate for 
the Hilbert transform. It was also encountered in |29| . so Riesz transforms can be obtained as the 
result of averaging some dyadic shift operator. Recently, in |17j and [TJ, a more general class of 
dyadic shift operators, so called the Haar shift operators were introduced. The Hilbert transform, 
Riesz transforms, and Beurling-Ahlfors operator are in the convex hull of this class, as they can 
be written as appropriate averages of Haar shift operators. Let T> n denote the collection of dyadic 
cubes in R n , D n (Q) denotes dyadic subcubes of Q , and \Q\ denotes the volume of the dyadic cube 
Q . We start with some definitions. 

Definition 9.1. A Haar function on a cube Q C M. n is a function Hq such that 

(a) Hq is supported on Q, and is constant on T> n (Q) . 

(b) ||tf Q ||oc<|Q|- 1/2 . 

(c) Hq has a mean zero. 

Definition 9.2. Given an integer r > , we say an operator of the following form is in the first 
class of Haar shift operators of index r 

T T f(x)= E E a Q',Q"(f, H Q') H Q"( x ) > 

Qev n Q',Q"ev(Q) 
2- Tn |Q|<|Q'|,|Q"| 

where the constant ciq^q" satisfy the following size condition: 

1/2 



{<r f\Q'\ \Q"\y 
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Note that once a choice of Haar functions has been made {-Hq}q££>« , then this is an orthogonal 
family, such that ||x 2 — 1 > so one could normalize in L 2 . Note that one can easily see that the 
dyadic shift operator S belongs to the first class of a Haar shift operator of index r = 1 with 

f ±1 for I' = I, I" = I T 
ai ' J I otherwise . 

One of the main result in |17| and [7J is the following 

Theorem 9.3 ([32] j [7]). Let T be in the first class of Haar shift operators of index r . Then for all 
w G Arj , there exists C(r, n) which only depends on r and n such that 

\\ t \\l2(w)^l 2 (w) < C(T,n)[w] A d . 

As a consequence of this Theorem, linear bounds for the Hilbert transform, Riesz transforms, 
and the Beurling-Ahlfors operator are recovered. There are now two different proofs of Theorem 
(19. 3ft in |17| and [7]. The commutator [Aft, S] is also in the first class of Haar shift operators of index 
r = 1 . Recall the observation in the section 4, 

ih,s\(f) =Y1 A rtf> h i)( h i+ + h i~) ■ 

lev 

Then we can see 

f -A/6 for J' = J, I" = I± 

QjTf J" — s 

[ otherwise , 

moreover | ap t i"\ = |A/b| < 2||6|| BA?f Qd this means the constant ap pi satisfy the size condition (19. ip 
with C = 2V2IHI BMO d ■ These observations, Theorem [5JJ and Theorem [9J3] immediately recover 
the quadratic bound for the commutator of the Hilbert transform which was proved in this paper. 
We now define the second class of Haar shift operators of index r . 

Definition 9.4. Given an integer r > , we say an operator T of the form in Definition [9]2] is in the 
second class of Haar shift operators of index r , if T is bounded on I? and the function Hq satisfy 
the condition (a) and (b) in Definition 19.21 

The second class of Haar shift operators is more general than the first class. One can easily 
observe that the operators m,, SiTb and ir^S do not satisfy the condition (c) on Definition 19 .1\ however 
these operators satisfy the conditions of Definition 19.41 Note that the n- variable paraproduct is a 
sum of 2 n — 1 of the second class of Haar shift operator of index 1, the restricted n- variable dyadic 
paraproduct 

nf= £ {f) Q {b,H Q )H Q . 
QeT> n 

In |14| . the linear estimate for the maximal truncations of these operators is presented. This also 
recovers our linear bound estimates for Stt^ and vr^S. On the other hand, authors in [7] also 
reproduce the linear estimate for the dyadic paraproduct with different technique. 

Lemma 9.5. Let T T a Haar shift operator of the first class, then [A^, T T ] is an operator of the same 
class. 

Proof We are going to use the restricted multi-variable A& operator which is 

hf= £ (b) Q (f,H Q )H Q . 

Qev n 
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One can get the n-variable A& operator by summing over 2 n — 1 of restricted Xb operator. Observe 
that, 

[A 6 ,r T ]/ = A b (r T /)-r r (A 6 /) 

= Y a Q',Q"( b )Q"(fi H Q') H Q"- ^2 Y a Q',Q"( b )Q'(fi H Q') H Q" 

Qev n Q',Q"&v(Q) Qev n q',q"gv(q) 

2- Tn |Q|<|Q'|,|Q"| 2-™|Q|<|Q'|,|Q"| 

= Yl Yl a Q',Q"(( b )Q" ~ ( b )Q')(f, H Q>) H Q" ■ 

Q&T> n Q',Q"eT>(Q) 
2- Tn \Q\<\Q'\,\Q"\ 

Since 

| a Q',Q"(.( b )Q" ~ ( b )Q')\ < \\Hbmo\ OQ',Q"\ , 
[Afc, T T \ remains in the same class of T T . □ 

Theorem 19,31 and Lemma 19,51 allow to extend our result to more general class of commutators 
including the Riesz transforms and the Beurling-Ahlfors operator as in Theorem 11.31 



10 Sharp bounds 

In this section, we start proving that the quadratic estimate in Theorem 11.51 is sharp, by showing 
an example which returns quadratic bound. This example was discovered by C. Perez [22j who 
is kindly allowing us to reproduce it in this paper. The same calculations show that the bounds 
in Theorem 11.11 are also sharp for p / 2 and 1 < p < oo . Variations over this example will then 
show that the bounds in Theorem 11.31 are sharp for the Riesz transforms and the Beurling-Ahlfors 
operator as well. 



10.1 The Hilbert transform 

Consider the weight, for < 5 < 1 : 

w{x) = | a; | 1 ^ . 
It is well known that w is an A2 weight and 

[W] A 2 ~ - . 

We now consider the function f(x) = x~ 1+S X(o,i)i x ) an d BMO function b(x) = log |x| . We claim 
that 

\\[b,H]f(x)\>±f(x). 

For < x < 1 , we have 

n rriff x Z" 1 log x- logy _ 1+s f 1 \og(x/y) _ 1+s 

[b,H]f(x)= / y L+0 dy= / y L+0 dy 

Jo x-y Jo x-y 

,-l/x log (7 ) 

l-t 
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Now, 



o 



1-t J n 1-t ./i 1 - t 

MIA) 



and since - is positive for (0, 1) U (1, oo) we have for < x < 1 



\[b,H]f(x)\>x-^ s f^^r^dt. (10.1) 



But since 

I' l -^^t~ 1+5 dt > ^ log(l/t)t- 1+s dt = [°° se- s5 ds = g 
Jo 1-* Jo ' Jo 5 



se - s5 ds = i , (10.2) 



our claim follows and 

\\[b,H]f\\ LHw) > ^||/|U2 H ~ [w}%\\f\\ L 2 {w) . 

A first approximation of what the bounds in L v (w) is given by an application of the sharp extrap- 
olation theorem for the upper bound, paired with the knowledge of the sharp bound on L 2 (w) to 
obtain a lower bound. 



Proposition 10.1. For 1 < p < oo there exist constants c and C only depending on p such that 

h H]\\lp(w)^-L,p(w) 



c[w]T n{1 ' pll} \\b\\BMO < \\[b,H}\\ LP{w) ^ LP(w) < C{wfZ" {1,v ' l} \\b\\ B MO , (10.3) 



for all b G BMO . 

Proof. Because the upper bound in (|10.3j) is the direct consequence of the quadratic bound in the 
Theorem 11.51 and sharp extrapolation theorem, we will only prove the lower bound. Let us assume 
that, for 1 < r < 2 and a < 1 , 

\\[b,H]\\ L r {w) ^ L r H <C[w]%\\b\\ B MO. 

This and the sharp extrapolation theorem return 

\\[b,H]\\ L2(w) _ L2H < C[w]%\\b\\ BM o ■ 

This contradicts to the sharpness (p = 2) . Similarly, one can conclude for p > 2 . □ 

We now consider the weight w(x) = Jx^ 1 "" 5 )^ -1 ) then w is an A p weight with [w]a p ~ <5 1_p . By 
([TOTl) and ([USD we have 

\\[b,H]f\\ LP(w) > ^\\f\\ LP{w) = (s^n^uhPH ~ h^ii/iuph- 

This shows the upper bound in f j 1 . 3 [) is sharp for 1 < p < 2 . We use the duality argument to 
see the sharpness of the quadratic estimate for p > 2 . Note that the commutator is a self-adjoint 
operator: 

(bH(f) - H(bf),g) = (f,H*(bg)) - (f,bH*(g)) = (f,bH(g) - H(bg)) . 
Consider 1 < p < 2 and set u = , then 

I|[^)^]|Ilp'( u )^Lp'(«) = Wib, H]\\lp' (wi-p'^LP 1 (w 1 -^) = II [k' -^]*Hlp'(«) 1 -p')^Lp'(«; 1 -p') 

= \\[b,H}\\ LP{w) _ LP{w) < C\\b\\ BMOd [w]^ (10.4) 

= CMbmoVv 1 ^'] 2 ^, = C\\b\\ BMO [u]\ pl . 

Since the inequality in (|10.4p is sharp, we can conclude that the result of Theorem 1 1.1 1 is also sharp 
for p > 2 . 
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10.2 Beurling-Ahlfors operator 

Recall the Beurling-Ahlfors operator B is given by convolution with the distributional kernel p.v.l/z 2 : 



Bf(x,y) =P-v.- 



7T 



f(x -u,y -v) 



dudv . 



(u + iv) 2 

Then the commutator of the Beurling-Ahlfors operator can be written: 



[b,B]f(x,y) =p.v.- 



TT 



b(x,y) - b(s,t) 
((x - s) + i(y - t))' 



■ f(s, t) dsdt . 



It was observed, in [9], that the linear bound for the Beurling-Ahlfors operator is sharp in L 2 {w) , 
with weights w(z) = \ z\ a and functions f(z) = \ z\~ a where \a\ < 2 . Similarly, we consider weights 



w(z) 



\2—8 



where < 5 < 1. Note that w(z) 



\2-6 . 



C —7- [0, oo) is a ^-weight with [w]a 2 



. We also consider a BMO function b(x) = log | z\ . Let E = {(r, 6) | < r < 1, < 9 < tt/2} 
and = {(r, 0) | 1 < r < oo, ir < 6 < 3n/2} We are going to estimate \ [b, B]f(z)\ for z £ O with a 
function f(z) = \ z\ s ~ 2 xe( z ) ■ Let z = x + iy and £ = s + ti . Then, for z£S!, 



[b,B]f(z) 



(b(z)-b(Q)f(C) 

(z-0 2 
b(x,y) - b(s,t) 



d( 



r/(s, t)dsdt 



{{x - s) + i(y - t)) 2 
(log|z|-log|C|)|CI 5 " 2 ((x- S ) 2 -(y-t) 2 ) 



dsdt 



{{x - s) 2 + (y - t) 2 ) 2 

(log|z|-log|C|)|CI^ 2 (2(^-^)(y-t)) 



((x - s) 2 + (y - t) 2 ) 2 



dsdt 



For z £ £1 and £ £ E , we have (x — s)(y — t) > xy and by triangle inequality ((x — s) 2 + (y — t) 2 ) 2 
| z — C| 4 < (| z\ + | C|) 4 • After neglecting the positive term (real part), we get 



\[b,B]f(z)\ 2 >- [xy 



7T 



2 2 

x y 



2 2 

x y 



1 



1 r 1 /!^! log(l/t)(| ^l^) 5 - 1 



(1*1 + I CI) 4 

1 log (I z\/r)r & - 1 
z\< Jo (1 + r/M) 4 
1 



dr 



2 2 



(i + ty 



z\dt 



14-5 



Vl*l log(l/f)^-i > 2 

(1+t) 4 



Since | z\/(\ z\ + l)< 1/(1 + i) , for t < 1/| z\ , we have 



[6,£]/(z)| 2 >*V 



*|-«(| 



x 2 y 2 



z|- 5 (l + (Jlog|^| 



|z|- 25 (|z| + l) 8 V + 

x 2 y 2 (1 + 5 log | z\) 2 
{\z\ + lf ¥ 
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Then, we can estimate the L 2 (u>)-norm as follows. 



,r. R i,,|2 ^ 1 / xV(l + ^log|z|) 2 2 _ 5 



1 f°° f^' 2 r 4 cos 2 sin 2 8(1 + 5 log r) 2 „ , , ,„ 
' ' r A d drd6 



7. (r + 1) 8 

oo r 7-«5( 1 + (Hogr )2 n r 7 ~ 5 {l + 5\ogr) 2 



7T /"^r^^l + Jlogr) 2 7T /" 

r-oo 

= 54212/ (l + <Slogr) 2 r" 1- *<fr 
7T /l 2(5 2(5 2 \ 5vr 1 



(2r) 



5 4 2 12 V<5 <5 2 <5 3 y 2 12 <5 5 ' 
Combining with H/Hf^ = vr/25 , we have that || [b, B]f\\ L 2 {w) /\\f\\ L 2 

(to) ~ ^ ) which allows to 

conclude that the quadratic bound for the commutator with the Beurling-Ahlfors operators is sharp 
in L 2 (w) . Same calculations with weights w(z) = | z|( 2_<5 )( p_1 ) and functions f(z) = | z|( 5_2 )( p_1 ) 
will provide the sharpness for 1 < p < 2 , and it is sufficient to conclude for all 1 < p < 00 because 
the Beurling-Ahlfors operator is essentially self adjoint operator (£>* = e l ^B) , so the commutator 
of the Beurling-Ahlfors operator is also self adjoint. 

10.3 Riesz transforms 

Consider weights w(x) = \x\ n ~ s and functions f(x) = x s ~ n XE( x ) where E = {x \ x £ (0, l) n n 
-6(0, 1)} , and a BMO function b(x) = log \ x\ . It was observed that | x\ n ~ s is an ^-weight in R n 
with [w]a2 ~ (5 _1 . We are going to estimate [b, Rj]f over the set SI = {y G B(0, l) c | y- L < for all i = 
1, 2, n} , where Rj stands for the j-th direction Riesz transform on W l and is defined as follows: 

Rjf(x) = c n p.v. / V ' f{x-y)dy, 1 < j < n , 

jR n 1 y\ 

where c„ = T((n + l)/2)/vr( n+1 )/ 2 . One can observe that, for all x G -E 1 and fixed y G $7 , 

1 2/j — Sj| > I and I y — x| < | y\ + \ x\ . 
C n denotes a constant depending only on the dimension that may change from line to line. Then, 



\%Rj\m\ 



{Vj - x j ){\og\y\-\og\x\)\x\ & n f log (| y\/\ x\)\ x^' n 



e \y-x\ n+l 



■ dx 



- lyjll E (\y\ + \x\) n+1 dx 



f /• 1 log(|y|/r)r 5 -V"- 1 /■ 1 /H log(l/t)(t||/|)^- 1 ||/| 
> 2/7 / / 71 — i \ — n arw = G n / — 71 — ; ; — r-: — n — dt 

~ 1 " Jehs^ Jo (|y|+r)" +1 niyjl J (\y\ + \y\t) n+1 

C n \y 3 \ [ l /\y\ \og(l/t)t 5 -^ ^ C n \ Vj \ ( \y\ \ n+1 f 1/lyl i n 

1 !TTW^ dt -W^{\yJT-i) L log{1/t)t dt 



y|n+l— 8 



Cn\yj\ f\y\ (1 + <51og|y|)\ C n \yj\ l + 5log\y\ 



y\~ s (\y\ + !)"+! V S 2 J (|y| + l) n+1 S 2 
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We now can bound from below the I? (u;)-norm as follows. 



[|[6,/2,-]/(x)ii ia(tt) > y Q (| y | + 1 )2n+2 \y\ d y 



C n f f°° 7, ? r 2 (l + S\ogr) 2 r n ~ s r n '' 1 

- *=" ims— A ?TT)^ **M 

CW r (1 + ^logr)V n -' 5 + 1 

- J 1 r 2n+2 * 



^ / (l + 51ogr)V- 5 - 1 dr = ^ 



which establishes sharpness for the commutator of the Riesz transform when p = 2 . Since R* = 
—Rj, one can easily check that the commutator of Riesz transforms are also self-adjoint operators. 
Furthermore, choosing weight w(x) = will obtain the sharpness for 1 < p < oo by 

the same argument we used in the case of the Hilbert transform. 
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